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Spherical top-hat Collapse of a Viscous Unified Dark Fluid
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In this paper, we test the spherical collapse of a viscous unified dark fluid (VUDF) which has
constant adiabatic sound speed and show the nonlinear collapse for VUDF, baryons, and dark matter
which are important to form the large scale structure of our Universe. By varying the values of model
parameters α and ζ0, we discuss their effects on the nonlinear collapse of the VUDF model, and
compare its result to ΛCDM model. The analyzed results show that, within the spherical top-hat
collapse framework, larger values of α and smaller values of ζ0 make the structure formation earlier
and faster, and the other collapse curves are almost distinguished with the curve of ΛCDM model
if the bulk viscosity coefficient ζ0 is less than 10
−3.
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I. INTRODUCTION
As an competitive model to explain the lately accel-
erated expansion of universe, a unified dark fluid (UDF)
model [1–3, 5–8][10, 11] was investigated extensively in
the recent years. The striking features of the UDF model
are that it combines cold dark matter and dark energy
and that it behaves like the cold dark matter and the dark
energy at the early epoch and the late time respectively.
Furthermore, it can match the image of the ΛCDM
model very well on the background level. Among those
UDF models, one same assumption that the medium of
universe is modeled as an idealized perfect fluid were
taken, which means that all components of the matter-
energy in our universe are considered as a perfect fluid
without viscosity. However, in the recently years, more
and more cosmological observations suggest that our uni-
verse is permeated by imperfect fluid, in which the neg-
ative pressure, as was argued in [12], [13], an effective
pressure including bulk viscosity can drive the present
acceleration of universe. The first attempts at creating
a viscosity theory of relativistic fluids were executed by
Eckart [14] and Landau and Lifshitz [15] who considered
only first-order deviation from equilibrium. The general
form of the bulk viscosity is chosen as a time-dependent
function or a density-dependent function. In some liter-
ature, a density-dependent viscosity ζ = ζ0ρ
m coefficient
is widely investigated, where the condition ζ0 > 0 ensures
a positive entropy production in conformity with the sec-
ond law of thermodynamics. For simplification, we will
devote ourselves to studying the case m = 12 , which the
similar form being taken in the Ref. [11][22–24]
For any proposed cosmological model, if it’s cosmic
observations cannot coincide with the theoretical calcu-
lation, it would be ruled out, so does the VUDF model.
As the large-scale structure formation originates from the
primordial quantum perturbations of our universe, the
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non-linear stages of perturbations become very important
during one investigating the evolutions of density pertur-
bations of VUDF model. A fully nonlinear analysis is a
cumbersome task usually handled by hydrodynamical/N-
body numerical codes (see e.g. [16–19]). However, to best
of our knowledge, the hydrodynamical/N-body numeri-
cal simulation is very implicated and expensive.
In this paper we focus on the collapse of a spher-
ically symmetric perturbation of VUDF model, with
a classical top-hat profile, instead of using the cum-
bersome hydrodynamical/N-body numerical simulation
. We modify the pressure pressure of UDF p = αρ−A in
the Ref.[3] into the form p = αρ− ζ0ρ−A to obtain the
VUDF model. As mentioned in the Ref. [4], one need
to avoid the averaging problem [20] when studying the
non-linear perturbations. The problem comes from the
fact that
〈p〉 = −〈A/ρβ〉 6= −A/〈ρ〉β = p(〈ρ〉), (1)
in the case of β 6= 0. However, for a model with a
linear relation p = αρ − ζ0ρ − A, it is not the prob-
lem. So it would be interesting to study the evolution of
non-linear perturbation in this VUDF model because of
escaping from the averaging problem. Avoid using the
hydrodynamical/N -body numerical simulation, we will
research the large structure formation in the framework
of spherical top-hat collapse for the viscous unified dark
fluid (VUDF).
The paper is organized as follows. In section II, a
brief introduction of the VUDF with a constant adia-
batic sound speed is given. Then, we present some basic
equations for spherical top-hat collapse of viscous fluid in
section III. The method and main results are summarized
in section IV. The last section is the conclusion.
II. VISCOUS UNIFIED DARK FLUID WITH
CONSTANT ADIABATIC SOUND SPEED
In this section, we will give some basic equations of a
VUDF model which has a constant adiabatic sound speed
2(CASS). In order to obtain the viscous unified dark fluid,
we rewrite the pressure of UDF p = αρ−A in the Ref.[3]
into the form
pd = p− 3Hζ, (2)
this expression includes the UDF model as its special case
when ζ = 0, as for the case that ζ 6= 0, when adopting
the normal form ζ = ζ0√
3
ρ
1
2 which the similar form being
taken in the Ref.[11],[22–24] , we have the pressure of
VUDF
pd = αρd − ζ0ρd −A, (3)
where A = ρd0(1 +α− ζ0)(1−Bs). Applying the energy
conservation of VUDF, one can deduce its energy density
as the following form
ρd = ρd0
{
(1−Bs) +Bsa
−3(1+α−ζ0)
}
, (4)
where the model parameters Bs, α, and ζ0 are all in the
range [0, 1]. So one obtains the equation of state (EoS)
wd =
pd
ρd
= α− ζ0 −
(1 + α− ζ0)(1 −Bs)
(1−Bs) +Bsa−3(1+α−ζ0)
, (5)
and adiabatic sound speed
c2s =
(
∂pd
∂ρd
)
s
=
dpd
dρd
= ρd
dwd
dρd
+ wd = α− ζ0, (6)
where A, ζ0 and wd are the integration constant, bulk
viscosity coefficient and the equation of state (EoS) of
VUDF respectively. Therefore, the Friedmann equation
in a spatially flat FRW universe is given as
H2 = H20
{
(1− Ωb − Ωr)
[
(1−Bs) +Bsa
−3(1+α−ζ0)
]
+Ωba
−3 +Ωra
−4} ,(7)
where H is the Hubble parameter and H0 =
100hkm s−1Mpc−1 is its present value, and Ωi (i = b, r)
are dimensionless energy density parameters, where b and
r stand for baryon and radiation separately.
III. EQUATIONS OF SPHERICAL TOP-HAT
COLLAPSE OF VISCOUS FLUID
The spherical collapse (SC) as a simple analytical
model was first introduced by Gunn and Gutt 1972 [21]
in order to calculate the evolution of perturbations in
falling material into a bound system which provides a
way to glimpse into the nonlinear regime of perturba-
tion theory. Usually, the SC model is used to investigate
a spherically symmetric perturbation which embedded
in a static, expanding or collapsing homogeneous back-
ground. In this paper we focus on the collapse of a spher-
ically symmetric perturbation in a homogenous expand-
ing background, with a classical top-hat profile which has
the constant density [25] in the perturbed region. With
the assumption of a top-hat profile, one maintains the
simplified spherical collapse model as the uniformity of
the perturbation throughout the collapse, which making
its evolution only time-dependent. So we do not need to
worry about the gradients through the collapse.
In the spherical top-hat collapse (SC-TH) model, the
background evolution equations are still in the following
forms
ρ˙ = −3H(ρ+ p), (8)
a¨
a
= −
4piG
3
∑
i
(ρi + 3pi), (9)
where H = a˙/a is the Hubble parameter. For the per-
turbed region, the basic equations which depend on local
quantities can be written as
ρ˙c = −3h(ρc + pc), (10)
r¨
r
= −
4piG
3
∑
i
(ρci + 3pci). (11)
Here the perturbed quantities ρc and pc are defined as
ρc = ρ+ δρ, pc = p+ δp; and h = r˙/r and r are the local
expansion rate and the local scale factor respectively, and
furthermore h relates to local expansion rate in the STHC
model by [26, 27]
h = H +
θ
3a
, (12)
where θ ≡ ∇·−→v is the divergence of the peculiar velocity.
So, the equations of density contrast δi = (δρ/ρ)i and
θ are: [25, 26]
δ˙i = −3H(c
2
ei
− wi)δi − [1 + wi + (1 + c
2
ei
)δi]
θ
a
,(13)
θ˙ = −Hθ −
θ2
3a
− 4piGa
∑
i
ρiδi(1 + 3c
2
ei
), (14)
where the effective sound speed is c2ei = (δp/δρ)i, where
i stands for different energy component. The Eq. (13)
and Eq. (14) can be rewritten into the form in regard to
the scale factor a
δ′i = −
3
a
(c2ei − wi)δi − [1 + wi + (1 + c
2
ei
)δi]
θ
a2H
,(15)
θ′ = −
θ
a
−
θ2
3a2H
−
3H
2
∑
i
Ωiδi(1 + 3c
2
ei
), (16)
where we have used the definition Ωi = 8piGρi/3H
2.
From the above equations, one can find that the wc
and c2e are important quantities. The definition of the
EoS wc [25] is:
wc =
p+ δp
ρ+ δρ
=
w
1 + δ
+ c2e
δ
1 + δ
. (17)
3The effective sound speed c2e of the CASS model is given
as
c2e =
δp
δρ
=
pc − p
ρc − ρ
. (18)
So, substituting the relation p = αρ − ζ0ρ − A into the
above equation, one has
c2e =
[(α− ζ0)ρc]−A− [(α − ζ0)ρ−A]
ρc − ρ
= α− ζ0 (19)
.
IV. THE METHOD AND RESULTS
In this section, we will use the spherical collapse model
to investigate the non-linear evolution of the VUDF per-
turbations. As the baryon and VUDF are the possible
components that formating the large scale structure, we
will firstly consider this two components, where the re-
sults of some model parameters are come from the Ref.[3]:
Ωd = 0.956, H0 = 71.341km s
−1Mpc−1, and Ωb = 0.044.
With the aid of using the software Mathematica and
setting the initial conditions (ICs) δd and δb at the red-
shift z = 1000 in Ref. [25], we solve the differential equa-
tions of perturbations.
In order to explore the influences of α on the spherical
collapse of baryon and unified dark fluid, we immobilize
δd(z = 1000) = 3.5× 10
−3, δb(z = 1000) = 10−5, ζ0 = 0,
and Bs = 0.229, but change the model parameter α =
0, 10−3, 10−2, and 10−1 respectively. We obtain the same
calculated results as Table I in the Ref. [9], where the
redshift zta is on behalf of the turnaround redshift when
the collapse is beginning. From Table I, one can conclude
that the perturbations collapse earlier and faster for the
larger values of α and larger values of c2e = α.
Model α zta δb(zta)/δd(zta)
a 0 0.0678 1.240
b 10−3 0.111 1.211
c 10−2 0.138 0.689
d 10−1 0.940 0.010
TABLE I: Models for the STHC model, where the values
of α are small positive values due to the constraint from
background evolution history. The redshift zta denotes the
turnaround redshift when the perturbed region begin to col-
lapse.
In the following, we will show the influence of bulk
viscosity coefficient ζ0 on the evolution of the density
perturbations of baryon and VUDF. Here we alter the
values of ζ0 for the different models which corresponding
to α = 10−1, 10−2, 10−3, and 0 respectively. For the vis-
cous unified dark fluid model, ΛCDM model is recovered
when model parameters ζ0 = 0 and Bs = 0 are taken. In
order to compare the VUDF model with ΛCDM model,
we plot collapse curves of these two models in the same
figure. The corresponding evolutions of density pertur-
bations are shown in Figure 1, 2, 3, 4. Moreover, dark
matter is regained if model parameters Bs = 1 and α = 0
are respected, so we plot the non-linear and linear per-
turbations evolution curves of dark matter in Figure 5.
From the first four figures, one can see that the smaller
value of α is taken, the more unconspicuous influence
on the collapse is gained, for example in the Figure 4,
when α = 0, one almost unable to distinguish that five
curves. Seeing from the Figure 1-5, the horizon line de-
notes the limit of linear perturbation, i.e. δ = 1 and the
vertical parts of the curved lines denote the collapse of
the perturbed regions, therefore, one can see that smaller
value of bulk viscosity coefficient ζ0 can result in earlier
collapse, that is to say, larger value of bulk viscosity coef-
ficient ζ0 can make the collapse more later, these results
are compatible with the well-known convention that the
value of bulk viscosity coefficient ζ0 should be not too
large. Furthermore, one can find that when the bulk vis-
cosity coefficient ζ0 is less than 10
−3, the other collapse
curves almost overlap together with the curve of ΛCDM
model.
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FIG. 1: The evolutions of density perturbations with respect
to the redshift for the models α = 10−1. The top and bot-
tom panels are for baryons and VUDF respectively. Where
the solid, dashed, dotted and green curved lines are for the
models ζ0 = 10
−1, 10−2, 10−3, 0 respectively, beyond that the
red dashed curve stands for the ΛCDM model. The horizon
line denotes the limit of linear perturbation, i.e. δ = 1. The
vertical parts of the curved lines denote the collapse of the
perturbed regions.
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FIG. 2: The evolutions of density perturbations with respect
to the redshift for the models α = 10−2. The top and bot-
tom panels are for baryons and VUDF respectively. Where
the solid, dashed, dotted and green curved lines are for the
models ζ0 = 10
−2, 10−3, 10−4, 0 respectively, beyond that the
red dashed curve stands for the ΛCDM model. The horizon
line denotes the limit of linear perturbation, i.e. δ = 1. The
vertical parts of the curved lines denote the collapse of the
perturbed regions.
It’s time to show the influence of ζ0 on the evolution of
the equation of state (EoS) of the VUDF wd and the
EoS of the collapse region wc. Observing the evolving
curves of wc in the Figure 6-9, one can easily conclude
that higher values of ζ0 result in values of wc closer and
higher to wc = 0 during the collapse as shown in Figure
6 and 7, and result in values of wc closer and lower to
wc = 0 during the collapse as shown in Figure 8 and 10,
but result in values of wc almost overlapping together as
as shown in Figure 9. However, the effects of ζ0 on the
evolution of the equation wd is very different comparing
to the results above. Apart from the almost distinguish-
able influence of ζ0 on wd as shown in Figure 7-9, we
know that smaller ζ0 make the curves of wd higher as
shown in Figure 6. Base on the discussion above, we
can draw a conclusion that the influence of ζ0 on the
evolution of wd and wc are enhanced as increasing the
values of α. Apart that, from Figure 6-10, we can easily
conclude that, whatever the value of parameters α and
ζ0 are, the evolution curves of wd for the VUDF model
and ΛCDM model are very different. However, for the
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FIG. 3: The evolutions of density perturbations with respect
to the redshift for the models α = 10−3. The top and bot-
tom panels are for baryons and VUDF respectively. Where
the solid, dashed, dotted and green curved lines are for the
models ζ0 = 10
−2, 10−3, 10−4, 0 respectively, beyond that the
red dashed curve stands for the ΛCDM model. The horizon
line denotes the limit of linear perturbation, i.e. δ = 1. The
vertical parts of the curved lines denote the collapse of the
perturbed regions.
evolution curves of wc, the curves of VUDF model(when
the value of ζ0 is less than 10
−3) and ΛCDM model are
match together at the late time, and that the value of α
is larger, the superposition is happened earlier.
Through the calculation and analysis above, for the
VUDF model, it is possible to format the large scale
structure. Also, it is obvious that the model parame-
ters ζ0 and α have influence on the density perturbations
evolutions.
V. CONCLUSION
In this paper, we investigated the density perturba-
tions of a VUDF model with a constant adiabatic sound
speed in the framework of spherical top-hat collapse, the
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FIG. 4: The evolutions of density perturbations with respect
to the redshift for the models α = 0. The top and bottom
panels are for baryons and VUDF respectively. Where the
solid, dashed, dotted and green curved lines are for the mod-
els ζ0 = 10
−3, 10−4, 10−5, 0 respectively, beyond that the red
dashed curve stands for the ΛCDM model. The horizon line
denotes the limit of linear perturbation, i.e. δ = 1. The
vertical parts of the curved lines denote the collapse of the
perturbed regions.
results showed that it is possible to form large scale struc-
ture in the VUDF model. We studied their influence on
the evolutions of perturbation through varying the values
of ζ0 and α. Through the calculation and analysis, we
concluded that smaller values of ζ0 and larger values of α
can make the density perturbations collapse earlier and
faster, and that the other collapse curves almost overlap
together with the curve of ΛCDM if the bulk viscosity
coefficient ζ0 is less than 10
−3. Furthermore, we can also
conclude that the influence of ζ0 on the evolution of wd
and wc are enhanced as increasing the values of α. In
the following work, we will try to apply the spherical
collapse to other cosmological models and compare the
simulated results with the observed large scale structure
of universe.
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FIG. 6: The evolutions for equation of state w with respect
to the redshift z for different models α = 10−1. The top
and bottom panels are for wc and wd respectively. Where
the solid, dashed, dotted and green curved lines are for ζ0 =
10−1, 10−2, 10−3, 0 respectively, beyond that the red dashed
curve stands for the ΛCDM model.
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FIG. 7: The evolutions for equation of state with respect
to the redshift z for different models α = 10−2. The top
and bottom panels are for wc and wd respectively. Where
the solid, dashed, dotted and green curved lines are for ζ0 =
10−2, 10−3, 10−4, 0 respectively, beyond that the red dashed
curve stands for the ΛCDM model.
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FIG. 8: The evolutions for equation of state with respect
to the redshift z for different models α = 10−3. The top
and bottom panels are for wc and wd respectively. Where
the solid, dashed, dotted and green curved lines are for ζ0 =
10−2, 10−3, 10−4, 0 respectively, beyond that the red dashed
curve stands for the ΛCDM model.
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FIG. 9: The evolutions for equation of state with respect
to the redshift z for different models α = 0. The top and
bottom panels are for wc and wd respectively. Where the
solid, dashed, dotted and green curved lines are for ζ0 =
10−3, 10−4, 10−5, 0 respectively, beyond that the red dashed
curve stands for the ΛCDM model.
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FIG. 10: The evolutions for equation of state w with respect
to the redshift z for the VUDF model and ΛCDM model.
The top and bottom panels are for wc and wm respectively.
Where the solid, dashed, dotted and green curved lines are
for the models ζ0 = 10
−2, 10−3, 10−4, 0, beyond that the red
dashed curve stands for the ΛCDM model.
